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�A�M �i�?�B�b �r�Q�`�F �r�2 ���`�2 �T�`�B�K���`�B�H�v �B�M�i�2�`�2�b�i�2�/ �B�M �b�i�m�/�v�B�M�; �i�?�2 �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�;

�+�H���b�b�2�b �Q�7M � (s; t) �U�+�H�Q�b�2�/ �+�H���b�b�2�b �7�Q�` �b�?�Q�`�i�V�X �� �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b �B�b �� �b�m�#�b�2�i

�Q�7 �b�i���i�2�b �Q�7M � (s; t) �b�m�+�? �i�?���i �2�p�2�`�v �i�r�Q �b�i���i�2�b �+�Q�K�K�m�M�B�+���i�2 �r�B�i�? �2���+�? �Q�i�?�2�`�- ���M�/

�M�Q �b�i���i�2 �B�M �i�?�2 �b�2�i �+�Q�K�K�m�M�B�+���i�2�b �r�B�i�? �� �b�i���i�2 �Q�m�i�b�B�/�2 �i�?�2 �b�2�i�X �� �b�i���i�2Pi �B�b �b���B�/ �i�Q

�+�Q�K�K�m�M�B�+���i�2 �r�B�i�? �b�i���i�2Pj �B�7 �B�i �B�b �T�Q�b�b�B�#�H�2�- �r�B�i�? �T�`�Q�#���#�B�H�B�i�v �;�`�2���i�2�` �i�?���M �y�- �7�Q�` �i�?�2

�+�?���B�M �i�Q �i�`���M�b�B�i�B�Q�M �7�`�Q�KPi �i�QPj �B�M �� �}�M�B�i�2 �M�m�K�#�2�` �Q�7 �b�i�2�T�b �U�i�?�2 �`�2���/�2�` �K���v �}�M�/ �K�Q�`�2

�/�2�i���B�H �B�M �i�?�2 �}�`�b�i �+�?���T�i�2�` �Q�7 �(�G�S�q�y�N�)�- �Q�` �B�M �(�J�h�N�j�)�V�X

�*�Q�M�b�B�/�2�` �i�?�2 �U�}�M�B�i�2�H�v �K���M�v�V �r���H�F�b ���M�/ �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b�2�b �Q�7M � (s; t)

�`�2���+�?���#�H�2 �7�`�Q�K �i�?�2 �B�M�B�i�B���H �b�i���i�2P(A0)�X �P�M�+�2 ���M ���M�i �i���F�2�b �� �r���H�F �i�?���i �#�2�H�Q�M�;�b �i�Q �� �+�H�Q�b�2�/

�R�e



�+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b�- �i�?�2 �r���H�F �+�?�Q�B�+�2�b �Q�7 ���H�H ���M�i�b �i�?���i �2�K�2�`�;�2 �B�M �i�?�2 �7�m�i�m�`�2 �r�B�H�H �#�2�H�Q�M�;

�i�Q �i�?�B�b �+�H���b�b�X ���/�/�B�i�B�Q�M���H�H�v�- �b�B�M�+�2 �i�?�2 �H�2�M�;�i�? �Q�7P(A0) �B�b �}�M�B�i�2 ���M�/ ���M�i�b �+���M�M�Q�i �i�`���M�b�B�i�B�Q�M

�i�Q �� �r���H�F �Q�7 �H�2�M�;�i�? �;�`�2���i�2�` �i�?���M �i�?�B�b�- �i�?�2 �r���H�F�b �Q�7 �Q�m�` ���M�i�b �#�2�+�Q�K�2 �b�m�+�? �i�?���i �i�?�2�v �#�2�H�Q�M�;

�i�Q �� �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b �B�M �}�M�B�i�2 �2�t�T�2�+�i�2�/ �i�B�K�2 �U�b�2�2 �(�G�S�q�y�N�)�V�X �>�2�M�+�2�- �+�H�Q�b�2�/

�+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b�2�b �+���T�i�m�`�2 �i�?�2 �M�Q�i�B�Q�M �Q�7 �ó�b�i���#�B�H�B�x���i�B�Q�M�ô �B�M �Q�m�` �/�v�M���K�B�+���H �b�v�b�i�2�K�X

�6�B�;�m�`�2 �j�X�R�h�?�2 �#�2�?���p�B�Q�` �Q�p�2�` �i�B�K�2 �Q�7 �+�?���B�M �T�m�`�b�m�B�i �Q�p�2�` �� �;�`�B�/ �;�`���T�? �r�B�i�? �i�r�Q �ó�?�Q�H�2�b�ô�X

�A�M �6�B�;�m�`�2�j�X�R�r�2 �b�?�Q�r �i�?�2 �#�2�?���p�B�Q�` �Q�p�2�` �i�B�K�2 �Q�7 �Q�m�` �/�v�M���K�B�+���H �b�v�b�i�2�K �r�?�2�M� = 2

�Q�p�2�` �� �;�`�B�/ �r�B�i�? �ó�?�Q�H�2�b�ô�X �1���+�? �B�K���;�2 �B�H�H�m�b�i�`���i�2�b �i�?�2 �r���H�F �i���F�2�M �#�v �b�Q�K�2A i �U�?�2�`�2 �r�2

�b�?�Q�r �i�?�2 �r���H�F �Q�7 �2�p�2�`�v ���;�2�M�i �B�M�/�B�p�B�/�m���H�H�v�- �i�?�Q�m�;�? �B�M ���M ���+�i�m���H �b�B�K�m�H���i�B�Q�M�- �K�m�H�i�B�T�H�2

���M�i�b �r�Q�m�H�/ �#�2 �r���H�F�B�M�; �Q�M �i�?�2 �;�`���T�? �+�Q�M�+�m�`�`�2�M�i�H�v�V�X �h�?�2 �B�K���;�2 �i�Q �i�?�2 �H�2�7�i �b�?�Q�r�b �i�?�2

�r���H�F �i���F�2�M �#�vA0�- ���M�/ �i�?�2 �B�K���;�2 �i�Q �i�?�2 �`�B�;�?�i �b�?�Q�r�b �� �r���H�F �#�2�H�Q�M�;�B�M�; �i�Q �i�?�2 �+�H�Q�b�2�/

�+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b ���i �r�?�B�+�? �i�?�2 �T�m�`�b�m�B�i �b�i���#�B�H�B�x�2�/�X ���b �r�2 �+���M �b�2�2�- �i�?�Q�m�;�? �i�?�2 ���M�i�b

�i�v�T�B�+���H�H�v �K���M���;�2 �i�Q �b�?�Q�`�i�2�M �i�?�2 �r���H�F �Q�7 �i�?�2 �B�M�B�i�B���H ���;�2�M�iP(A0) �Q�p�2�` �i�B�K�2�- �i�?�2�v ���`�2 �#�v

�R�d



�M�Q �K�2���M�b �;�m���`���M�i�2�2�/ �i�Q �+�Q�M�p�2�`�;�2 �i�Q ���M �Q�T�i�B�K���H �T���i�?�X

�A�M �7���+�i�- �7�Q�` �i�?�2 �T���`�i�B�+�m�H���` �;�`���T�? �2�M�p�B�`�Q�M�K�2�M�i �Q�7 �6�B�;�m�`�2�j�X�R�U�� �;�`�B�/ �r�B�i�? �ó�?�Q�H�2�b�ô�V�-

�i�?�2�`�2 �2�t�B�b�i ���M �B�M�}�M�B�i�2 �M�m�K�#�2�` �Q�7 �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b�2�b�- �+�Q�M�i���B�M�B�M�; �r���H�F�b �Q�7

���`�#�B�i�`���`�v �H�2�M�;�i�?�X �h�?�2 �H�Q�Q�T�b �Q�7 �i�?�2 �r���H�FP(A0) ���`�Q�m�M�/ �2���+�? �Q�7 �i�?�2 �?�Q�H�2�b �/�2�i�2�`�K�B�M�2�b �i�?�2

�F�B�M�/�b �Q�7 �r���H�F�b �i�?�2 ���M�i�b �K���v �+�Q�M�p�2�`�;�2 �i�Q�X

�L�2�p�2�`�i�?�2�H�2�b�b�- �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b�2�bC �?���p�2 �b�Q�K�2 �M�B�+�2 �`�2�;�m�H���`�B�i�v �T�`�Q�T�2�`�i�B�2�b�X

���b ���M �B�M�B�i�B���H �Q�#�b�2�`�p���i�B�Q�M �r�2 �r�B�H�H �b�?�Q�r �i�?���i �i�?�2 �r���H�F�b �#�2�H�Q�M�;�B�M�; �i�Q �� �+�H�Q�b�2�/ �+�H���b�b �K�m�b�i

���H�H �?���p�2 �i�?�2 �b���K�2 �H�2�M�;�i�?�- �B�X�2�X �i�`���p�2�`�b�2 �i�?�2 �b���K�2 �M�m�K�#�2�` �Q�7 �p�2�`�i�B�+�2�b�- �/�2�M�Q�i�2�/ �#�vjP j�X

�G�2�K�K�� �j�X�k�X�R�X�G�2�iC �#�2 �i�?�2 �b�2�i �Q�7 �r���H�F�b �B�M �� �+�H�Q�b�2�/ �+�H���b�b �Q�7M � (s; t)�X �h�?�2�M �7�Q�` ���H�H

Pl ; Pk 2 C�-jPl j= jPk j�X

�S� �̀Q�Q�7���b�b�m�K�2 �i�?���i �i�?�2�`�2 ���`�2 �i�r�Q �r���H�F�b �B�M�* �b�m�+�? �i�?���ijPl j< jPk j�X �h�?�2 �r���H�FPl �B�b ��

�`�2���+�?���#�H�2 �b�i���i�2 �#�2�H�Q�M�;�B�M�; �i�Q �i�?�2 �+�H�Q�b�2�/ �+�H���b�b�X �>�Q�r�2�p�2�`�- �Q�M�+�2 ���M ���M�i �i���F�2�b �r���H�FPl �-

�B�i �r�B�H�H �M�2�p�2�` �i���F�2Pk ���;���B�M �b�B�M�+�2 �#�v �i�?�2 �T�m�`�b�m�B�i �`�m�H�2�- �r���H�F �H�2�M�;�i�?�b ���`�2 �K�Q�M�Q�i�Q�M�B�+���H�H�v

�M�Q�M�@�B�M�+�`�2���b�B�M�;�X �h�?�m�bPk �B�b �M�Q�i �`�2�+�m�`�`�2�M�i �B�M �i�?�2 �+�H���b�b�- �� �+�Q�M�i�`���/�B�+�i�B�Q�M�X�

�P�7 �T���`�i�B�+�m�H���` �B�M�i�2�`�2�b�i ���`�2 �+�H�Q�b�2�/ �+�H���b�b�2�b �i�?���i �+�Q�M�i���B�M �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?�b �7�`�Q�Ks �i�Q

t�- �Q�` �� �b�m�#�b�2�i �Q�7 �i�?�2�b�2 �T���i�?�b�X �A�M �(�"�J�q�N�d�) �B�i �r���b �b�?�Q�r�M �i�?���i �r�?�2�MG �B�b �� �;�`�B�/ �;�`���T�?�-

M � (s; t) �?���b �� �m�M�B�[�m�2 �+�H�Q�b�2�/ �+�H���b�b �+�Q�M�i���B�M�B�M�; ���H�H �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?�b�X �G���i�2�` �r�2 �r�B�H�H �b�2�2

�i�?���i �r�?�2�M�2�p�2�`M �?���b �� �m�M�B�[�m�2 �+�H�Q�b�2�/ �+�H���b�b�- �B�i �B�b �M�2�+�2�b�b���`�B�H�v �i�?�2 �+�H���b�b �Q�7 ���H�H �b�?�Q�`�i�2�b�i

�T���i�?�b�X

�� �+�Q�M�+�2�T�i �i�?���i �r�B�H�H �#�2 �m�b�2�/ �B�M �Q�m�` ���`�;�m�K�2�M�i�b �B�b� �@�Q�T�i�B�K���H�B�i�v�,

�.�2�}�M�B�i�B�Q�M �j�X�k�X�k�X�q�2 �r�B�H�H �b���v �i�?���i �� �r���H�FP = v1v2:::vn �B�b� �@�Q�T�i�B�K���H�- �B�7�- �7�Q�` ���M�v �i�r�Q

�p�2�`�i�B�+�2�bvi ; vi + � 2 P �r�2 �?���p�2 �i�?���idG(vi ; vi + � ) = � �U�r�?�2�`�2dG(u; v) �/�2�M�Q�i�2�b �i�?�2 �/�B�b�i���M�+�2

�#�2�i�r�2�2�M �i�r�Q �p�2�`�i�B�+�2�b �B�MG�V�X

�q�2 �M�Q�i�2 �i�?���idG(vi ; vi + � ) = � �B�K�T�H�B�2�b �i�?���ivi vi +1 : : : vi + � �B�b �� �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kvi

�i�Qvi + � �X �h�?�2�`�2�7�Q�`�2 �r�2 �?���p�2 �#�v �2�t�i�2�M�b�B�Q�M �i�?���idG(vi ; vi + k ) = k �7�Q�` ���M�vk � � �X

���M �B�K�T�Q�`�i���M�i �Q�#�b�2�`�p���i�B�Q�M �B�b �i�?���i �r���H�F�b �r�?�B�+�? �#�2�H�Q�M�; �i�Q �� �+�H�Q�b�2�/ �+�H���b�bC �Q�7M � (s; t)

�K�m�b�i �#�2� �@�Q�T�i�B�K���H�,

�G�2�K�K�� �j�X�k�X�j�X�G�2�iC �#�2 �i�?�2 �b�2�i �Q�7 �r���H�F�b �Q�7 �b�Q�K�2 �+�H�Q�b�2�/ �+�H���b�b �Q�7M � (s; t)�X �h�?�2�M ���M�v

�r���H�F �B�MC �B�b� �@�Q�T�i�B�K���H�X

�S� �̀Q�Q�7�a�m�T�T�Q�b�2 �7�Q�` �+�Q�M�i�`���/�B�+�i�B�Q�M �i�?���i �i�?�2�`�2 �B�b �b�Q�K�2 �r���H�FP 2 C �i�?���i �B�b �M�Q�i� �@�Q�T�i�B�K���H�X

�a�B�M�+�2 �r�2 ���`�2 �B�M �� �+�H�Q�b�2�/ �+�H���b�b�- �i�?�B�b �r���H�F �B�b �`�2�+�m�`�`�2�M�i�X �h�?�m�b ���7�i�2�` �}�M�B�i�2 �2�t�T�2�+�i�2�/ �i�B�K�2

�b�Q�K�2 ���M�iA i �r�B�H�H �i���F�2 �r���H�FP�X ���7�i�2�`� �i�B�K�2�- ���M ���M�iA i +1 �r�B�H�H �b�i���`�i �+�?���b�B�M�;A i �p�B�� �b�Q�K�2

�T���i�? �B�MC�- �K���B�M�i���B�M�B�M�; �� �/�B�b�i���M�+�2 �Q�7� �Q�` �H�2�b�b �7�`�Q�KA i ���i �2�p�2�`�v �i�B�K�2 �b�i�2�T�X

�A�7A i +1 �2�p�2�` �K���M���;�2�b �i�Q �/�2�+�`�2���b�2 �i�?�2 �/�B�b�i���M�+�2 �i�QA i �#�2�H�Q�r� �- �i�?�2�M �B�i �r�B�H�H ���`�`�B�p�2 ���it

�B�M �H�2�b�b �b�i�2�T�b �i�?���MA i �- �+�Q�M�i�`���/�B�+�i�B�M�; �G�2�K�K���j�X�k�X�R�X �>�2�M�+�2�- �r�2 �r�B�H�H ���b�b�m�K�2 �i�?���i �i�?�2 �B�M�B�i�B���H

�/�B�b�i���M�+�2 �#�2�i�r�2�2�MA i +1 ���M�/A i �B�b� �X �q�2 �b�?���H�H �b�?�Q�r �i�?���i �i�?�2�`�2 �2�t�B�b�i�b �� �H�2�;���H �ó�T�m�`�b�m�B�i

�b�i�`���i�2�;�v�ô �7�Q�` ���M�iA i +1 �i�?���i �+���M �Q�+�+�m�` �r�B�i�? �M�Q�M�@�x�2�`�Q �T�`�Q�#���#�B�H�B�i�v�- ���M�/ �r�B�H�H �+���m�b�2 �i�?�2

�R�3



�/�B�b�i���M�+�2 �#�2�i�r�2�2�MA i ���M�/A i +1 �i�Q �/�`�Q�T �#�2�H�Q�r� �X �h�?�B�b �H�2���/�b �i�Q �� �+�Q�M�i�`���/�B�+�i�B�Q�M �U�/�m�2 �i�Q

�G�2�K�K���j�X�k�X�R�V�X

�a�B�M�+�2A i �7�Q�H�H�Q�r�b �� �M�Q�M�@� �@�Q�T�i�B�K���H �r���H�F�- �i�?�2�`�2 �2�t�B�b�i�b �� �p�2�`�i�2�tvl ���H�Q�M�;P�- �b�m�+�? �i�?���i
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�G�2�iP = u1u2 : : : un ���M�/P0 = u1 : : : uj u0
j +1 : : : u0

j +� � 1uj +� : : : un �- �b�m�+�? �i�?���iU0
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�U�b�?�Q�`�i�2�b�i�V �T���i�?�X �A�M �i�?�2 �Q�i�?�2�` �/�B�`�2�+�i�B�Q�M�- �b�m�T�T�Q�b�2 �2�p�2�`�v �r���H�F �B�b �/�2�7�Q�`�K���#�H�2 �i�Q �i�?�2 �b���K�2

�b�?�Q�`�i�2�b�i �T���i�?P�X �h�?�2�M �B�i �B�K�K�2�/�B���i�2�H�v �7�Q�H�H�Q�r�b �7�`�Q�K�j�X�k�X�R�y�i�?���i �i�?�2�`�2 �B�b �D�m�b�i �Q�M�2 �+�H�Q�b�2�/

�+�H���b�b�- �b�Q �i�?�2 �;�`���T�? �B�b �b�i���#�H�2�X �

�1���`�H�B�2�` �r�2 �K�2�M�i�B�Q�M�2�/ �i�?���i �i�?�2 �m�M�B�[�m�2 �+�H�Q�b�2�/ �+�H���b�b �Q�7M � (s; t) �r�?�2�MG �B�b �b�i���#�H�2

�M�2�+�2�b�b���`�B�H�v �+�Q�M�i���B�M�b���H�H�b�?�Q�`�i�2�b�i �T���i�?�b �7�`�Q�Ks �i�Qt�X �q�2 �+���M �M�Q�r �T�`�Q�p�2 �i�?�B�b�X �h�Q �b�i���`�i�- �r�2

�F�M�Q�r �i�?�2 �m�M�B�[�m�2 �+�H�Q�b�2�/ �+�H���b�b�- �i�?���i �r�2 �r�B�H�H �/�2�M�Q�i�2C�- �+���M �+�Q�M�i���B�M �Q�M�H�v �b�?�Q�`�i�2�b�i �T���i�?�b�X

�L�Q�r �H�2�iP �#�2 �� �b�?�Q�`�i�2�b�i �T���i�? �M�Q�i �B�MC�X �a�B�M�+�2 �i�?�2 �b�m�+�+�2�b�b�Q�`�b �Q�7 ���M�v ���;�2�M�i �7�Q�H�H�Q�r�B�M�; �i�?�B�b

�T���i�? �K�m�b�i �2�p�2�M�i�m���H�H�v �U�B�M �2�t�T�2�+�i�2�/ �}�M�B�i�2 �i�B�K�2�V �2�M�/ �m�T �i���F�B�M�; �� �T���i�? �B�MC�- �B�i �7�Q�H�H�Q�r�b �7�`�Q�K

�G�2�K�K���j�X�k�X�R�R�i�?���i �i�?�2�`�2 �B�b �� �b�2�[�m�2�M�+�2 �Q�7 ���i�Q�K�B�+� �@�/�2�7�Q�`�K���i�B�Q�M�b �Q�7P �@ �2���+�? �/�2�7�Q�`�K�B�M�;

�B�i �M�2�+�2�b�b���`�B�H�v �i�Q ���M�Q�i�?�2�` �b�?�Q�`�i�2�b�i �T���i�? �@ �b�m�+�? �i�?���i ���i �i�?�2 �2�M�/ �Q�7 �i�?�B�b �b�2�[�m�2�M�+�2 �B�b ��

�b�?�Q�`�i�2�b�i �T���i�? �#�2�H�Q�M�;�B�M�; �i�QC�X �G�2�iP0 �#�2 �i�?�2 �T�2�M�m�H�i�B�K���i�2 �T���i�? �B�M �i�?�B�b �b�2�[�m�2�M�+�2�- �i�?���i �B�b�-

�i�?�2 �H���b�i �Q�M�2 �M�Q�i �#�2�H�Q�M�;�B�M�; �i�QC�X ���M�v� �@�/�2�7�Q�`�K���i�B�Q�MP � �Q�7P0 �+���M�M�Q�i �b�?�Q�`�i�2�M �B�i �U���b �B�i

�B�b �� �b�?�Q�`�i�2�b�i �T���i�?�V�- �i�?�m�b �B�i �M�2�+�2�b�b���`�B�H�v �`�2�T�H���+�2�b �� �b�m�#�@�r���H�F �Q�7 �H�2�M�;�i�?k � � � 1 �B�MP0

�r�B�i�? �� �/�B�z�2�`�2�M�i �b�m�#�@�r���H�F �Q�7 �H�2�M�;�i�?k�X �"�m�i �#�v �/�Q�B�M�; �i�?�2 �`�2�p�2�`�b�2 �r�2 �+���M� �@�/�2�7�Q�`�KP �

�#���+�F �i�QP0�- �i�?�m�bP0 �#�2�H�Q�M�;�b �i�QC �@ �+�Q�M�i�`���/�B�+�i�B�Q�M�X �h�?�B�b �;�B�p�2�b �� �b�i�`�Q�M�;�2�` �+�?���`���+�i�2�`�B�x���i�B�Q�M

�Q�7 �b�i���#�H�2 �;�`���T�?�b�,

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�k�X�R�k�XG �B�b(s; t)�@�b�i���#�H�2 �U�r�B�i�? � �̀2�b�T�2�+�i �i�Q� �V�- �B�z �B�i�b �m�M�B�[�m�2 �+�H�Q�b�2�/ �+�H���b�b

�+�Q�M�i���B�M�b ���H�H �b�?�Q�`�i�2�b�i �T���i�?�b �7� �̀Q�Ks �i�Qt�X

M � (s; t) �?���b �� �m�M�B�[�m�2 �+�H�Q�b�2�/ �+�H���b�b�- ���M�/ �B�i �B�b �2���b�v �i�Q �b�2�2 �i�?���i �B�i �B�b ���T�2�`�B�Q�/�B�+ �r�?�2�M

�`�2�b�i�`�B�+�i�2�/ �i�Q �i�?�B�b �+�H���b�b �U�b�B�M�+�2 ���M�v �b�?�Q�`�i�2�b�i �T���i�? �i���F�2�M �#�vA i �?���b �� �+�?���M�+�2 �Q�7 �`�2�T�2���i�B�M�;

�B�i�b�2�H�7 �7�Q�`A i +1 �V�X �>�2�M�+�2 �B�i �?���b �� �m�M�B�[�m�2 �b�i���i�B�Q�M���`�v �/�B�b�i�`�B�#�m�i�B�Q�M �(�G�S�q�y�N�)�X �S�`�Q�T�Q�b�B�i�B�Q�M

�j�X�k�X�R�k�B�K�T�H�B�2�b �i�?���iM � (s; t) �?���b �� �m�M�B�[�m�2 �b�i���i�B�Q�M���`�v �/�B�b�i�`�B�#�m�i�B�Q�M �B�7 ���M�/ �Q�M�H�v �B�7 �B�i �?���b ��

�m�M�B�[�m�2 �b�i���i�B�Q�M���`�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�p�2�` ���H�H �b�?�Q�`�i�2�b�i �T���i�?�b �7�`�Q�Ks �i�Qt�X �A�M �a�2�+�i�B�Q�M�j�X�9�r�2 �r�B�H�H

�b�?�Q�r �i�?���i �i�?�B�b �/�B�b�i�`�B�#�m�i�B�Q�M �K�m�b�i �B�M �7���+�i �#�2 �i�?�2�m�M�B�7�Q�`�K�/�B�b�i�`�B�#�m�i�B�Q�M �Q�p�2�` ���H�H �b�?�Q�`�i�2�b�i

�T���i�?�b �7�`�Q�Ks �i�Qt�X

�k�j



�A�M �b�Q�K�2 �b�2�M�b�2 �i�?�2 �/�2�H���v �i�B�K�2� = 2 �B�b �� �#�2�M�+�?�K���`�F �7�Q�` �r�?�2�i�?�2�` �� �;�`���T�? �B�b �+�Q�M�p�2�`�;�2�M�i

�U�`�2�b�T�X �b�i���#�H�2�V�,

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�k�X�R�j�XG �B�b �+�Q�M�p�2� �̀;�2�M�i �B�7 ���M�/ �Q�M�H�v �B�7 �B�i �B�b(s; t)�@�+�Q�M�p�2� �̀;�2�M�i �7�Q�` ���M�v �T���B�`

�Q�7 �p�2�`�i�B�+�2�b(s; t)�- �r�B�i�? � �̀2�b�T�2�+�i �i�Q� = 2 �X

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�k�X�R�9�XG �B�b �b�i���#�H�2 �B�7 ���M�/ �Q�M�H�v �B�7 �B�i �B�b(s; t)�@�b�i���#�H�2 �7�Q�` ���M�v �T���B�` �Q�7 �p�2�`�i�B�+�2�b

(s; t)�- �r�B�i�? � �̀2�b�T�2�+�i �i�Q� = 2 �X

�"�Q�i�? �i�?�2�b�2 �T�`�Q�T�Q�b�B�i�B�Q�M�b �7�Q�H�H�Q�r �B�K�K�2�/�B���i�2�H�v �7�`�Q�K �i�?�2 �7���+�i �i�?���i ���M�v2�@�/�2�7�Q�`�K���i�B�Q�M �B�b

�B�M �T���`�i�B�+�m�H���` ��� �@�/�2�7�Q�`�K���i�B�Q�M �7�Q�` ���H�H� > 2�X �h�?�m�b ���M�v �;�`���T�? �r�?�B�+�? �B�b �+�Q�M�p�2�`�;�2�M�i �U�`�2�b�T�X

�b�i���#�H�2�V �r�B�i�? �`�2�b�T�2�+�i �i�Q� = 2 �B�b ���H�b�Q �+�Q�M�p�2�`�;�2�M�i �U�`�2�b�T�X �b�i���#�H�2�V �7�Q�`� > 2�X �

�A�M �Q�i�?�2�` �r�Q�`�/�b�- �r�2 �M�2�2�/ �Q�M�H�v �T�`�Q�p�2 �i�?���i �� �;�`���T�? �B�b �+�Q�M�p�2�`�;�2�M�i �U�b�i���#�H�2�V �7�Q�`� = 2 �i�Q

�b�?�Q�r �i�?���i �B�i �B�b �+�Q�M�p�2�`�;�2�M�i �U�b�i���#�H�2�V �7�Q�` ���M�v� > 1�X �h�?�2 �b�B�;�M�B�}�+���M�+�2 �Q�7 �i�?�B�b �B�b �i�?���i �r�2 �+���M

�M�Q�r �+�Q�M�b�B�/�2�` �b�i���#�B�H�B�i�v ���M�/ �+�Q�M�p�2�`�;�2�M�+�2 ���b �T�`�Q�T�2�`�i�B�2�b �Q�7 �;�`���T�?�b �`���i�?�2�` �i�?���M �T�`�Q�T�2�`�i�B�2�b �Q�7

�i�?�2 �/�v�M���K�B�+���H �b�v�b�i�2�K �/�2�}�M�2�/ �#�v �Q�m�` �T�m�`�b�m�B�i �`�m�H�2�X ���b �� �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �i�?�2 �b�i���i�2�K�2�M�i�b

�r�2 �?���p�2 �T�`�Q�p�2�/ �B�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �+���M �7�Q�`�;�2�i �i�?�2 �T�m�`�b�m�B�i �`�m�H�2 ���M�/ �+�Q�M�b�B�/�2�` �Q�M�H�v �i�?�2

�`�2�H���i�B�Q�M�b �#�2�i�r�2�2�M �r���H�F�b �i�?���i �2�t�B�b�i �B�MG�X �>�2�M�+�2 �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�-�r�2 �r�B�H�H

���b�b�m�K�2 �i�?���i� = 2 �- �m�M�H�2�b�b �b�i���i�2�/ �Q�i�?�2�`�r�B�b�2�X

�j�X�j �*�Q�M�p�2�`�;�2�M�i ���M�/ �a�i���#�H�2 �:�`���T�?�b

�>���p�B�M�; �b�2�i �m�T �b�Q�K�2 �?�2�H�T�7�m�H �T�`�Q�T�Q�b�B�i�B�Q�M�b �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�- �r�2 �+���M �#�2�;�B�M �i�Q �/�B�b�+�m�b�b

�b�2�p�2�`���H �B�M�i�2�`�2�b�i�B�M�; �+�H���b�b�B�}�+���i�B�Q�M�b �Q�7 �b�i���#�H�2 ���M�/ �+�Q�M�p�2�`�;�2�M�i �;�`���T�?�b�X �A�M �(�"�J�q�N�d�) �B�i �r���b

�b�?�Q�r�M �i�?���i �i�?�2 �;�`�B�/ �B�b �b�i���#�H�2�X �q�2 �7�Q�+�m�b �Q�M �;�2�M�2�`���H�B�x�B�M�; �i�?�B�b �`�2�b�m�H�i �i�Q �#�`�Q���/ �+�H���b�b�2�b �Q�7

�;�`���T�?�b �i�?���i �B�M�+�H�m�/�2 �i�?�2 �;�`�B�/ ���b �� �b�T�2�+�B���H �+���b�2�X

�q�2 �r���M�i �i�Q �b�i�m�/�v �;�`���T�?�b �r�?�Q�b�2� �@�/�2�7�Q�`�K���i�B�Q�M �+���M �2���b�B�H�v �#�2 �m�M�/�2�`�b�i�Q�Q�/�X �q�2 �}�M�/ �B�i

�7�`�m�B�i�7�m�H �i�Q �b�i�m�/�v �;�`���T�?�b �r�?�Q�b�2 �B�M�/�m�+�2�/ �/�B�b�i���M�+�2 �K�2�i�`�B�+ �?���b �+�2�`�i���B�M �F�B�M�/�b �Q�7 �+�Q�M�b�i�`���B�M�i�b

�T�H���+�2�/ �Q�M �B�i �U�B�M�i�m�B�i�B�p�2�H�v�- �+�Q�M�b�i�`���B�M�i�b �i�?���i �`�2�H���i�2 �i�Q �i�?�2 �B�/�2�� �Q�7 �� �b�B�K�T�H�v �+�Q�M�M�2�+�i�2�/ �Q�`

�+�Q�M�p�2�t �b�T���+�2 �Q�` �i�Q �Q�T�2�`���i�B�Q�M�b �i�?���i �T�`�2�b�2�`�p�2 �i�?�2�b�2�V�X �h�Q �i�?�B�b �2�M�/ �r�2 �b�?�Q�r �i�?���i �U�B�V

���H�H �T�b�2�m�/�Q�@�K�Q�/�m�H���` �;�`���T�?�b ���`�2 �b�i���#�H�2�- ���M�/ �i�?���i �U�B�B�V �i�?�2 �b�i���#�H�2�@ ���M�/ �+�Q�M�p�2�`�;�2�M�i�@�;�`���T�?

�T�`�Q�T�2�`�i�B�2�b ���`�2 �T�`�2�b�2�`�p�2�/ �m�M�/�2�` �i���F�B�M�; �;�`���T�? �T�`�Q�/�m�+�i�b�X �q�2 �i�?�2�M �K�Q�p�2 �i�Q �� �/�B�b�+�m�b�b�B�Q�M

�Q�7 �+�?�Q�`�/���H ���M�/ �T�H���M���` �;�`���T�?�b�X

�q�2 �b�i���i�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�2�}�M�B�i�B�Q�M ���M�/ �H�2�K�K���- �r�?�B�+�? �r�B�H�H �#�2�+�Q�K�2 �m�b�2�7�m�H �B�M �b�2�p�2�`���H

�b�2�+�i�B�Q�M�b�,

�.�2�}�M�B�i�B�Q�M �j�X�j�X�R�X�G�2�iP = v1 : : : vn �#�2 �� �r���H�F �B�MG�X �q�2 �+���H�H �i�r�Q �p�2�`�i�B�+�2�bvi �- vj

�/�B�b�+� �̀2�T���M�+�v �p�2�`�i�B�+�2�b�Q�7P�- �B�7 �i�?�2�v �K�B�M�B�K�B�x�2 �i�?�2 �/�B�z�2�`�2�M�+�2 �Q�7 �B�M�/�2�t�2�bj � i �m�M�/�2�` �i�?�2

�+�Q�M�b�i�`���B�M�i �i�?���ij � i > d (vi ; vj )�X

�A�7P �B�b �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kv1 �i�Qvn �- �i�?�2�MP �?���b �M�Q �/�B�b�+�`�2�T���M�+�v �p�2�`�i�B�+�2�b�X �P�M �i�?�2

�Q�i�?�2�` �?���M�/ ���M�v �M�Q�M�@�Q�T�i�B�K���H �r���H�F �K�m�b�i �?���p�2 ���i �H�2���b�i �Q�M�2 �T���B�` �Q�7 �b�m�+�? �p�2�`�i�B�+�2�b�X �q�2 �M�Q�i�2

�i�?���i �/�m�2 �i�Q� �@�Q�T�i�B�K���H�B�i�v�- �B�7P �#�2�H�Q�M�;�b �i�Q �� �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b �Q�7M � (s; t)�-

�k�9



�i�?�2�M �7�Q�` ���M�v �T���B�` �Q�7 �/�B�b�+�`�2�T���M�+�v �p�2�`�i�B�+�2�bvi �-vj �-j � i �K�m�b�i �#�2 �H���`�;�2�` �i�?���M� �c �B�M �T���`�i�B�+�m�H���`�-
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�k�XD(v1; 1) ���M�/D(vn ; d � 1) �B�M�i�2�`�b�2�+�i ���i �� �p�2�`�i�2�tu �i�?���i �H�B�2�b ���H�Q�M�; �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?

�7�`�Q�Kv1 �i�Qvn �X

�j�X�"�v �G�2�K�K���j�X�j�X�k�- �k �r�2 �?���p�2 �i�?���in � 1 � d + 2 �- ���M�/ �i�?�2�`�2�7�Q�`�2d(v4; vn ) � n � 4 �

d � 1�X �>�2�M�+�2D(v3; 1) ���M�/D(vn ; d � 1) �B�M�i�2�`�b�2�+�i ���iv4�X

�a�B�M�+�2G �B�b �T�b�2�m�/�Q�@�K�Q�/�m�H���`�- �r�2 �H�2���`�M �7�`�Q�K �i�?�B�b �i�?���i �i�?�2 �i�?�`�2�2 �/�B�b�F�b �?���p�2 �� �M�Q�M�@�2�K�T�i�v

�B�M�i�2�`�b�2�+�i�B�Q�M�X �h�?�m�b�- �i�?�2�`�2 �2�t�B�b�i�b �� �p�2�`�i�2�tx �7�Q�` �r�?�B�+�? �U�B�Vd(v1; x) � 1�- �U�B�B�Vd(x; v3) � 1�-

���M�/ �U�B�B�B�Vd(x; vn ) � d� 1�-�X �A�i �7�Q�H�H�Q�r�b �7�`�Q�K �U�B�V ���M�/ �U�B�B�V �i�?���i �+���M �k�@�/�2�7�Q�`�Kv1v2v3 �i�Qv1xv3�X

�h�?�2�M�- �#�v �i�?�2 �B�M�/�m�+�i�B�p�2 ���b�b�m�K�T�i�B�Q�M�- �r�2 �+���M �k�@�/�2�7�Q�`�K �i�?�2 �b�m�#�@�r���H�Fx : : : vn �i�Q �� �b�?�Q�`�i�2�b�i

�T���i�? �7�`�Q�Kx �i�Qvn �X �a�B�M�+�2 �#�v �U�B�B�B�V�-x ���H�`�2���/�v �H�B�2�b �Q�M �� �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kv1 �i�Qvn �- �i�?�B�b

�i�m�`�M�bP �B�M�i�Q �� �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kv1 �i�Qvn ���b �/�2�b�B�`�2�/�X �

�q�2 �T�`�Q�p�2 �M�2�t�i �i�?���i �2�p�2�`�v �T�b�2�m�/�Q�K�Q�/�m�H���` �;�`���T�? �B�b �b�i���#�H�2�X

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�j�X�8�X�S�b�2�m�/�Q�@�K�Q�/�m�H���` �;� �̀��T�?�b ��� �̀2 �b�i���#�H�2�X

�6�Q�` �b�?�Q�`�i�?���M�/�- �� �ó�+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b �#�2�i�r�2�2�Ms ���M�/t�ô �`�2�7�2�`�b �i�Q �� �+�H�Q�b�2�/

�+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b �Q�7 �i�?�2 �i�?�2 �J���`�F�Q�p �+�?���B�MM �/�2�}�M�2�/ �Q�p�2�` �i�?�2 �r���H�F�b �7�`�Q�Ks �i�Qt �B�M

G �U� = 2 �V�X

�S� �̀Q�Q�7�q�2 �r���M�i �i�Q �b�?�Q�r �i�?���i �i�?�2�`�2 �B�b �� �m�M�B�[�m�2 �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b �7�Q�` �2�p�2�`�vs�-

t�X

���b�b�m�K�2 �7�Q�` �+�Q�M�i�`���/�B�+�i�B�Q�M �i�?���iG �B�b �M�Q�i �b�i���#�H�2�X �h�?�2�M �i�?�2�`�2 ���`�2 �i�r�Q �p�2�`�i�B�+�2�bs�-t �b�m�+�?

�i�?���i �i�?�2�`�2 ���`�2 ���i �H�2���b�i �i�r�Q �/�B�b�i�B�M�+�i �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b�2�b �7�`�Q�Ks �i�Qt �U�B�X�2�X �Q�7

�i�?�2 �J���`�F�Q�p �+�?���B�MM 2(s; t)�V�X �G�2�iC1 ���M�/C2 �#�2 �i�r�Q �b�m�+�? �+�H���b�b�2�b�X �L�Q�i�2 �i�?���iC1 ���M�/C2

�+�Q�M�i���B�M �Q�M�H�v�b�?�Q�`�i�2�b�i �T���i�?�b�7�`�Q�Ks �i�Qt�- ���b �b�?�Q�r�M �B�M �S�`�Q�T�Q�b�B�i�B�Q�M�j�X�j�X�9�X

�h�?�2 �T�`�Q�Q�7 �T�`�Q�+�2�2�/�b �#�v �B�M�/�m�+�i�B�Q�M �Q�M �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�Ms ���M�/t�-d(s; t)�X �6�Q�` �i�?�2

�#���b�2 �+���b�2�- �B�7d(s; t) � 2 �i�?�2�M �i�?�2�`�2 �+�H�2���`�H�v �K�m�b�i �#�2 �D�m�b�i �Q�M�2 �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b

�#�2�i�r�2�2�Ms ���M�/t�- �� �+�Q�M�i�`���/�B�+�i�B�Q�M �i�QC1 ���M�/C2 �#�2�B�M�; �/�B�b�i�B�M�+�i�X

�k�d



�h�Q �T�`�Q�+�2�2�/�- ���b�b�m�K�2 �i�?���i �i�?�2 �b�i���i�2�K�2�M�i �?�Q�H�/�b �7�Q�` �/�B�b�i���M�+�2�b� n � 1�- ���M�/ �+�Q�M�b�B�/�2�`

�i�r�Q �p�2�`�i�B�+�2�bs ���M�/t �b�m�+�? �i�?���id(s; t) = n�X

�G�2�iP1 = v1v2 : : : vn+1 2 C1 ���M�/P2 = u1u2 : : : un+1 2 C2�- �r�B�i�?s = v1 = u1 ���M�/

t = vn+1 = un+1 �- �#�2 �i�r�Q �b�?�Q�`�i�2�b�i �T���i�?�b �7�`�Q�Ks �i�Qt�X �*�Q�M�b�B�/�2�` �i�?�2 �/�B�b�F�bD(u2; 1)�-D(v2; 1)

���M�/D(t; n � 2)�X �q�2 �?���p�2 �i�?���iD(t; n � 2) �B�M�i�2�`�b�2�+�i�bD(u2; 1) ���M�/D(v2; 1) �`�2�b�T�2�+�i�B�p�2�H�v

���i u3 ���M�/v3�X �6�m�`�i�?�2�`�K�Q�`�2s 2 D (u2; 1) \ D (v2; 1)�X �h�?�m�b �i�?�2�`�2 �K�m�b�i �#�2 �� �p�2�`�i�2�tx �B�M

�i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �Q�7 ���H�H �/�B�b�F�b�X �6�Q�` �i�?�B�b �p�2�`�i�2�t �r�2 �?���p�2�,d(x; v2) = 1 �-d(x; u2) = 1 ���M�/

d(x; t ) = n � 2�X �a�B�M�+�2d(v2; t) = d(u2; t) = n � 1�- �r�2 �?���p�2 �i�?���ix �H�B�2�b �Q�M �� �b�?�Q�`�i�2�b�i �T���i�?

�7�`�Q�K �#�Q�i�?u2 ���M�/v2�- �i�Qt�X �G�2�iPx = x : : : t �#�2 �b�Q�K�2 �}�t�2�/ �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kx �i�Qt�X �"�v

�i�?�2 �B�M�/�m�+�i�B�p�2 ���b�b�m�K�T�i�B�Q�M �r�2 �+���M �k�@�/�2�7�Q�`�K �i�?�2 �b�m�#�@�r���H�F�bv2 : : : vn �Q�7P1 ���M�/u2 : : : un �Q�7

P2 �i�Q �i�?�2 �T���i�?�bv2Px ���M�/u2Px �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�M �r�2 �K���v �/�2�7�Q�`�K �i�?�2 �b�m�#�@�r���H�Fv1v2x

�U�Q�7 �i�?�2 �T���i�?v1v2Px �V �i�Qv1u2x�- �i�?�m�b �/�2�7�Q�`�K�B�M�; �i�?�2 �i�r�Q �T���i�?�b �B�M�i�Q �i�?�2 �b���K�2 �T���i�?�X �h�?�B�b

�+�Q�M�i�`���/�B�+�i�b �i�?���iC1 ���M�/C2 ���`�2 �/�B�b�i�B�M�+�i�- �b�Q �r�2 ���`�2 �/�Q�M�2�X �

���M �2�t���K�T�H�2 �Q�7 �� �;�`���T�? �r�?�B�+�? �B�b �b�i���#�H�2 �#�m�i �M�Q�i �T�b�2�m�/�Q�@�K�Q�/�m�H���` �B�b �b�2�2�M �B�M �6�B�;�m�`�2

�j�X�e�X

�6�B�;�m�`�2 �j�X�e�a�i���#�H�2�- �M�Q�M�@�T�b�2�m�/�Q�@�K�Q�/�m�H���` �;�`���T�?

�R

�k

�j

�9

�8�e

�j�X�j�X�k �:�`���T�? �S�`�Q�/�m�+�i�b

�:�`���T�? �T�`�Q�/�m�+�i�b ���`�2 �� �`�B�+�? �i�Q�T�B�+ �Q�7 �b�i�m�/�v ���b �r�2�H�H ���b ���M �2�z�2�+�i�B�p�2 �K�2�i�?�Q�/ �Q�7 �+�`�2���i�B�M�; �M�2�r

�i�Q�T�Q�H�Q�;�B�2�b �7�`�Q�K �Q�H�/ �U�b�2�2 �(�>�A�E�R�e�c�A�E�y�y�) �7�Q�` ���M �Q�p�2�`�p�B�2�r�V�X �A�M �i�?�B�b �b�2�+�i�B�Q�M �r�2 �+�Q�M�+�2�`�M

�Q�m�`�b�2�H�p�2�b �r�B�i�? �i�r�Q �F�B�M�/�b �Q�7 �;�`���T�? �T�`�Q�/�m�+�i �Q�T�2�`���i�B�Q�M�b�- ���M�/ �b�?�Q�r �i�?���i �i�?�2�v �T�`�2�b�2�`�p�2

�;�`���T�? �+�Q�M�p�2�`�;�2�M�+�2�- ���M�/ �;�`���T�? �b�i���#�B�H�B�i�v�X

�6�B�;�m�`�2 �j�X�d�:�`���T�? �T�`�Q�/�m�+�i�b �Q�7P5 �r�B�i�? �B�i�b�2�H�7
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�.�2�}�M�B�i�B�Q�M �j�X�j�X�e�U�*���`�i�2�b�B���M �T�`�Q�/�m�+�i�V�X�h�?�2 �*���`�i�2�b�B���M �T�`�Q�/�m�+�i �Q�7 �i�r�Q �;�`���T�?�bG = ( V1; E1)

���M�/H = ( V2; E2)�- �r�`�B�i�i�2�MG� H �- �B�b �/�2�}�M�2�/ �i�Q �#�2 �i�?�2 �;�`���T�? �r�?�Q�b�2 �p�2�`�i�B�+�2�b ���`�2 �Q�7

�i�?�2 �7�Q�`�Ku = ( x; y) �r�?�2�`�2x 2 G�- y 2 H �- ���M�/ �r�?�2�`�2 �i�?�2�`�2 �B�b ���M �2�/�;�2 �#�2�i�r�2�2�M

(x1; y1) ! (x2; y2) �B�zx1 = x2 ���M�/y1y2 2 E2�- �Q�ỳ1 = y2 ���M�/x1x2 2 E1�X

�.�2�}�M�B�i�B�Q�M �j�X�j�X�d�U�a�i�`�Q�M�; �T�`�Q�/�m�+�i�V�X�h�?�2 �b�i�`�Q�M�; �T�`�Q�/�m�+�i �Q�7 �i�r�Q �;�`���T�?�bG = ( V1; E1)

���M�/H = ( V2; E2)�- �r�`�B�i�i�2�MG � H �- �B�b �/�2�}�M�2�/ �i�Q �#�2 �i�?�2 �;�`���T�? �r�?�Q�b�2 �p�2�`�i�B�+�2�b ���`�2 �Q�7 �i�?�2

�7�Q�`�Ku = ( x; y) �r�?�2�`�2x 2 G�-y 2 H �- ���M�/ �r�?�2�`�2 �i�?�2�`�2 �B�b ���M �2�/�;�2 �#�2�i�r�2�2�M(x1; y1) !

(x2; y2) �B�zx1 = x2 ���M�/y1y2 2 E2�- �Q�ỳ1 = y2 ���M�/x1x2 2 E1�- �Q�x̀1x2 2 E1 ���M�/

y1y2 2 E2�X

���M�v �p�2�`�i�2�tv �Q�7 �� �;�`���T�? �T�`�Q�/�m�+�i �Q�7G1 ���M�/G2 �+���M �#�2 �/�2�b�+�`�B�#�2�/ ���b �� �T���B�`(x; y)�X

�h�?�2�T� �̀Q�D�2�+�i�B�Q�M�Q�7v �Q�M�i�QG1 �B�b �/�2�}�M�2�/ �i�Q �#�2x�- ���M�/ �B�i�b �T�`�Q�D�2�+�i�B�Q�M �Q�M�i�QG2 �B�b �/�2�}�M�2�/

�i�Q �#�2y�X �h�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�7 �� �r���H�FP �Q�M�i�QGi �B�b �i�?�2 �r���H�F �Q�p�2�`Gi �i�?���i �+�Q�M�b�B�b�i�b �Q�7 �i�?�2

�T�`�Q�D�2�+�i�B�Q�M�b �Q�7 �i�?�2 �p�2�`�i�B�+�2�b �Q�7P �Q�M�i�QGi �B�M �Q�`�/�2�`�X �q�2 �r�B�H�H �?���p�2 �i�?�2 �M�Q�i���i�B�Q�Mdi (v; u)

�`�2�7�2�` �i�Q �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �T�`�Q�D�2�+�i�B�Q�M�b �Q�7 �i�?�2 �p�2�`�i�B�+�2�bv; u �Q�M�i�QGi �X �q�2 �M�Q�i�2 �i�?���i

�i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�r�Q �p�2�`�i�B�+�2�bv ���M�/u �Q�p�2�`G1� G2 �B�b �b�B�K�T�H�v �i�?�2 �ó�i���t�B�+���# �K�2�i�`�B�+�ô

�/�B�b�i���M�+�2 �(�E�`���R�k�)�cdG1 � G2 (u; v) = d1(v; u) + d2(v; u)�X �A�M �+�Q�K�T���`�B�b�Q�M�- �B�i �7�Q�H�H�Q�r�b �7�`�Q�K �i�?�2

�/�2�}�M�B�i�B�Q�M �Q�7 �� �b�i�`�Q�M�; �T�`�Q�/�m�+�i �i�?���idG1 � G2 (v; u) = max(d1(v; u); d2(v; u)) �X

�G�2�iPn �#�2 �i�?�2 �T���i�? �;�`���T�? �Q�Mn �p�2�`�i�B�+�2�b�X �h�?�2�MPn � Pn �B�b �i�?�2 �`�2�;�m�H���`n � n �;�`�B�/ ���M�/

Pn � Pn �B�b �i�?�2 �;�`�B�/ �r�B�i�? �/�B���;�Q�M���H�b�- �b�2�2 �6�B�;�m�`�2�j�X�d�X �h�?�2�`�2�7�Q�`�2 �i�?�B�b �b�2�+�i�B�Q�M �Q�z�2�`�b ���M�Q�i�?�2�`�-

�/�B�z�2�`�2�M�i �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �i�?�2 �F�M�Q�r�M �`�2�b�m�H�i�b �`�2�;���`�/�B�M�; �;�`�B�/ �;�`���T�?�b�X

�*���`�i�2�b�B���M �T�`�Q�/�m�+�i�b

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�j�X�3�XG1� G2 �B�b �+�Q�M�p�2� �̀;�2�M�i �B�zG1 ���M�/G2 ��� �̀2 �+�Q�M�p�2� �̀;�2�M�i�X

�S� �̀Q�Q�7�A�M �Q�M�2 �/�B�`�2�+�i�B�Q�M�- ���b�b�m�K�2G1� G2 �B�b �+�Q�M�p�2�`�;�2�M�i ���M�/ �H�2�i�- �r�H�Q�;�-P = v1v2 : : : vn �#�2

�� �r���H�F �B�MG1�X �G�2�iu 2 G2 �#�2 ���M ���`�#�B�i�`���`�v �p�2�`�i�2�t�X �h�?�2 �r���H�FP0 �r�?�Q�b�2 �B�i�? �p�2�`�i�2�t �B�b

v0
i = ( vi ; u)�- �+���M �#�2 �T�`�Q�D�2�+�i�2�/ �Q�M�i�QG1 ���M�/ �B�i�b �T�`�Q�D�2�+�i�B�Q�M �B�bP�X �a�B�M�+�2P0 �B�b �k�@�/�2�7�Q�`�K���#�H�2

�i�Q �� �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�K(v1; u) �i�Q(vn ; u)�- �B�i �7�Q�H�H�Q�r�b �7�`�Q�K �i�?�B�b �i�?���iP �B�b �k�@�/�2�7�Q�`�K���#�H�2

�i�Q �� �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kv1 �i�Qvn �U�M�Q�i�2 �i�?���i ���M�v �p���H�B�/ �k�@�/�2�7�Q�`�K���i�B�Q�M �Q�7P0 �Q�p�2�`G1� G2

�+�?���M�;�2�b �Q�M�H�v �i�?�2G1 �+�Q�Q�`�/�B�M���i�2 �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �p�2�`�i�B�+�2�b�- �b�B�M�+�2 �k�@�/�2�7�Q�`�K���i�B�Q�M�b �M�2�p�2�`

�H�2�M�;�i�?�2�M �� �T���i�? ���M�/ �+�?���M�;�B�M�; �i�?�2 �}�t�2�/G2 �+�Q�K�T�Q�M�2�M�iu �r�B�H�H �/�Q �b�Q�V�X

�A�M �i�?�2 �Q�i�?�2�` �/�B�`�2�+�i�B�Q�M�- ���b�b�m�K�2G1 ���M�/G2 ���`�2 �+�Q�M�p�2�`�;�2�M�i�X �G�2�iP = v1 : : : vn �#�2 ��

�r���H�F �B�MG1� G2�X �q�2 �r�B�H�H �b�?�Q�r �B�i �B�b �k�@�/�2�7�Q�`�K���#�H�2 �i�Q �� �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kv1 �i�Qvn �X

�*���H�H ���M �2�/�;�2 �B�MG1� G2 ���M�t�@�+�?���M�;�2�B�7 �B�i ���z�2�+�i�b �i�?�2G1 �+�Q�Q�`�/�B�M���i�2 �+�Q�K�T�Q�M�2�M�i ���M�/

�H�2���p�2�bG2 �}�t�2�/�- �2�H�b�2 �+���H�H �B�i ���v�@�+�?���M�;�2�X �L�Q�r �H�2�iu1u2u3 �#�2 �b�Q�K�2 �r���H�F �B�MG1� G2�X �"�v

�i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �� �*���`�i�2�b�B���M �T�`�Q�/�m�+�i�- �B�7u1u2 �B�b �� �v�@�+�?���M�;�2 ���M�/u2u3 �B�b ���M �t�@�+�?���M�;�2�- �r�2

�+���M �k�@�/�2�7�Q�`�Ku1u2u3 �B�M�i�Qu1u0
2u3 �b�m�+�? �i�?���iu1u0

2 �B�b ���M �t�@�+�?���M�;�2 ���M�/u0
2u3 �B�b �� �v�@�+�?���M�;�2�X

�o�B�+�2�@�p�2�`�b���- �i�?�B�b �B�b ���H�b�Q �i�`�m�2�X �q�2 �r�B�H�H �+���H�H �b�m�+�? �k�@�/�2�7�Q�`�K���i�B�Q�M�b�b�r���T�b�X �U�a�2�2 �6�B�;�m�`�2�j�X�3

�7�Q�` ���M �B�H�H�m�b�i�`���i�B�Q�M�V�X

�k�N
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�t�@�+�?���M�;�2�b

�v�@�+�?���M�;�2�b

�U�#�V�k�@�/�2�7�Q�`�K�B�M�; �i�?�2 �/�B�`�2�+�i�2�/ �T���i�? �b�m�+�? �i�?���i ���H�H
�i�?�2 �t�@�+�?���M�;�2�b �Q�+�+�m�` �}�`�b�i

�h�?�2 �B�/�2�� �B�b �i�?�B�b�, �i���F�2 �i�?�2 �r���H�FP ���M�/ �T�2�`�7�Q�`�K �b�r���T�b �Q�M �B�i�b �p�2�`�i�B�+�2�b �m�M�i�B�H ���H�H �t�@

�+�?���M�;�2�b ���`�2 �+�Q�M�b�2�+�m�i�B�p�2�- ���M�/ ���H�H �v�@�+�?���M�;�2�b ���`�2 �+�Q�M�b�2�+�m�i�B�p�2�X �h�?�B�b �`�2�b�m�H�i�b �B�M �� �r���H�FP0

�i�?���i �+���M �#�2 �/�B�p�B�/�2�/ �B�M�i�Q �i�r�Q �b�m�#�@�r���H�F�b�,P0
1 = u1 : : : uk ���M�/P0

2 = uk : : : un �- �b�m�+�? �i�?���i

�i�?�2 �p�2�`�i�B�+�2�b �B�MP0
1 �?���p�2 �i�?�2�B�`G2�@�+�Q�K�T�Q�M�2�M�i �?�2�H�/ �+�Q�M�b�i���M�i�- ���M�/ �i�?�2 �p�2�`�i�B�+�2�b �B�MP0

2 �?���p�2

�i�?�2�B�`G1�@�+�Q�K�T�Q�M�2�M�i �?�2�H�/ �+�Q�M�b�i���M�i�X �q�2 �+���M �i�?�2�M �m�b�2 �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �Q�7G1 ���M�/G2 �i�Q

�k�@�/�2�7�Q�`�K �i�?�2�b�2 �i�r�Q �+�Q�K�T�Q�M�2�M�i�b �i�Q �b�?�Q�`�i�2�b�i �T���i�?�b�-P �
1 ���M�/P �

2 �X �A�i �B�b �b�B�K�T�H�2 �i�Q �b�2�2 �7�`�Q�K

�i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �� �*���`�i�2�b�B���M �T�`�Q�/�m�+�i �i�?���iP �
1 P �

2 �K�m�b�i �#�2 �� �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Ku1 �i�Q

un �c �b�Q �r�2 ���`�2 �/�Q�M�2�X �

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�j�X�N�XG1� G2 �B�b �b�i���#�H�2 �B�zG1 ���M�/G2 ��� �̀2 �b�i���#�H�2�X

�S� �̀Q�Q�7�h�?�2 �/�B�`�2�+�i�B�Q�M �r�?�2�`�2G1� G2 �B�b �b�i���#�H�2 �B�b �b�B�K�B�H���` �i�Q �B�i�b �+�Q�m�M�i�2�`�T���`�i �B�M �S�`�Q�T�Q�b�B�i�B�Q�M

�j�X�j�X�3�X �q�2 �H�2�iP = v1v2 : : : vn �#�2 �� �r���H�F �B�MG1 ���M�/ �+�`�2���i�2 �� �r���H�FP0 �U���b �B�M�j�X�j�X�3�V �r�?�Q�b�2

�T�`�Q�D�2�+�i�B�Q�M �Q�M�i�QG1 �B�bP�X �a�B�M�+�2 �7�`�Q�K �b�i���#�B�H�B�i�v �B�i �7�Q�H�H�Q�r�b �i�?���iP0 �B�b �k�@�/�2�7�Q�`�K���#�H�2 �i�Q ���M�v

�b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�K(v1; u) �i�Q(vn ; u)�- �B�i �7�Q�H�H�Q�r�b �7�`�Q�K �i�?�B�b �i�?���iP �B�b �k�@�/�2�7�Q�`�K���#�H�2 �i�Q ���M�v

�b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kv1 �i�Qvn �X

�A�M �i�?�2 �Q�i�?�2�` �/�B�`�2�+�i�B�Q�M�- ���b�b�m�K�2G1 ���M�/G2 ���`�2 �b�i���#�H�2�X �G�2�iP = ( x1; y1) ! (xn ; yn ) �#�2

���M�v �b�?�Q�`�i�2�b�i �T���i�? �B�MG1� G2�X �q�2 �b�?�Q�r �i�?���iP �+���M ���H�r���v�b �#�2 �/�2�7�Q�`�K�2�/ �B�M�i�Q �� �b�T�2�+�B�}�+

�b�?�Q�`�i�2�b�i �T���i�?Q�- �i�?�m�b �b�?�Q�r�B�M�; �i�?���iG1� G2 �B�b �b�i���#�H�2 �U�i�?�B�b �b�?�Q�r�b �b�i���#�B�H�B�i�v �p�B�� �T�`�Q�T�Q�b�B�i�B�Q�M

�j�X�k�X�N�V�X �G�2�ivi = ( x i ; yi ) ���M�/ �H�2�iQx �#�2 �� �}�t�2�/�- ���`�#�B�i�`���`�v �Q�T�i�B�K���H �T���i�? �7�`�Q�Kx1 ! xn �X

�G�2�iQy �#�2 �� �}�t�2�/�- ���`�#�B�i�`���`�v �Q�T�i�B�K���H �T���i�? �7�`�Q�Ky1 ! yn �X �h�?�2�MQ �B�b �/�2�}�M�2�/ �i�Q �#�2 ��

�b�?�Q�`�i�2�b�i �T���i�? �Q�7 �i�?�2 �7�Q�`�K(x1; y1)(x2; y1) : : : (xn ; y1)(xn ; y2) : : : (xn ; yn ) �U�i�?���i �B�b�- �}�`�b�i �r�2

�;�Q �i�?�`�Q�m�;�? �i�?�2 �T���i�?Qx �- �?�Q�H�/�B�M�; �i�?�2 �v�@�+�Q�Q�`�/�B�M���i�2 �}�t�2�/�- ���M�/ �i�?�2�M �i�?�`�Q�m�;�?Qy �- �?�Q�H�/�B�M�;

�i�?�2 �t�@�+�Q�Q�`�/�B�M���i�2 �}�t�2�/�V�X

�h�Q �/�2�7�Q�`�KP �i�QQ�- �r�2 �T�2�`�7�Q�`�K �b�r���T�b �Q�MP ���b �B�M�j�X�j�X�3�i�Q �K�Q�p�2 ���H�H �i�?�2 �t�@�+�?���M�;�2�b

�i�Q �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �i�?�2 �T���i�?�- �v�@�+�?���M�;�2�b �i�Q �i�?�2 �2�M�/�- �i�Q �;�2�i �� �T���i�?P0 = P0
1P0

2�X �h�?�2�M

�b�B�K�B�H���`�H�v �i�Q�j�X�j�X�3�r�2 �+���M �m�b�2 �i�?�2 �b�i���#�B�H�B�i�v �Q�7G1 ���M�/G2 �i�Q �/�2�7�Q�`�K �i�?�2 �7�`�Q�M�i ���M�/ �2�M�/ �i�Q

�T���i�?�bP0
1�-P0

2 �i�QQx ���M�/Qy �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�m�b �r�2 �/�2�7�Q�`�KP �i�QQ ���b �/�2�b�B�`�2�/�X �

�j�y



�a�i�`�Q�M�; �T�`�Q�/�m�+�i�b

�6�Q�` �i�?�2 �`�2�b�i �Q�7 �i�?�B�b �b�2�+�i�B�Q�M�- �#�vd(v; u) �r�2 �K�2���M �i�?�2 �m�b�m���H �/�B�b�i���M�+�2 �7�`�Q�Kv �i�Qu �Q�p�2�`

G1 � G2�X �h�?�2 �7���+�i �i�?���id(v; u) = max(d1(v; u); d2(v; u)) �B�b �B�K�T�Q�`�i���M�i ���M�/ �r�B�H�H �#�2 �m�b�2�/

�2�t�i�2�M�b�B�p�2�H�v�- �b�Q�K�2�i�B�K�2�b �B�K�T�H�B�+�B�i�H�v�- �B�M �i�?�2 ���`�;�m�K�2�M�i�b �#�2�H�Q�r�X

���M �B�K�T�Q�`�i���M�i �i�?�B�M�; �i�Q �M�Q�i�2 ���#�Q�m�i �r���H�F�b �B�MG1 � G2 �B�b �i�?���i �i�?�2�B�`x ���M�/y �+�Q�K�T�Q�M�2�M�i�b

�+���M �#�2 �k�@�/�2�7�Q�`�K�2�/ �B�M�/�2�T�2�M�/�2�M�i�H�v�- �b�Q �H�Q�M�; ���b �i�?�2 �/�2�7�Q�`�K���i�B�Q�M �/�Q�2�b�M�ö�i �b�?�Q�`�i�2�M �i�?�2 �r���H�F�X

�J�Q�`�2 �2�t�T�H�B�+�B�i�H�v�- �+�Q�M�b�B�/�2�` �i�?�2 �r���H�FP = v1 : : : vn ���M�/ �/�2�M�Q�i�2vi = ( x i ; yi )�X �L�Q�i�2 �i�?���i �B�7

x i x i +1 x i +2 �B�b �k�@�/�2�7�Q�`�K���#�H�2 �i�Qx i x0x i +2 �i�?�2�Mvi vi +1 vi +2 = ( x i ; yi )(x i +1 ; yi +1 )(x i +2 ; yi +2 )

�B�b �k�@�/�2�7�Q�`�K���#�H�2 �i�Q(x i ; yi )(x0; yi +1 ); (x i +2 ; yi +2 )�X �h�?�m�b �r�2 �?���p�2 �+�?���M�;�2�/ �i�?�2 �T�`�Q�D�2�+�i�B�Q�M

�Q�7P �Q�M�i�QG1 �r�B�i�?�Q�m�i ���z�2�+�i�B�M�; �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�M�i�QG2�X �1�[�m�B�p���H�2�M�i�H�v�- �r�2 �+���M �+�?���M�;�2

�i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�M�i�QG2 �r�B�i�?�Q�m�i �+�?���M�;�B�M�; �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�M�i�QG1�X �q�2 �r�B�H�H �+���H�H� �@

�/�2�7�Q�`�K���i�B�Q�M�b �i�?���i �H�2���p�2 �2�B�i�?�2�` �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �i�QG1 �Q�` �i�QG2 �m�M���z�2�+�i�2�/�B�M�/�2�T�2�M�/�2�M�i

�/�2�7�Q�`�K���i�B�Q�M�b�X

�q�2 �T�`�Q�p�2 �M�2�t�i �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�2�`�i�v �Q�7 �b�i�`�Q�M�; �T�`�Q�/�m�+�i�b �Q�M �;�`���T�?�b�,

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�j�X�R�y�XG1 � G2 �B�b �+�Q�M�p�2� �̀;�2�M�i �B�zG1 ���M�/G2 ��� �̀2 �+�Q�M�p�2� �̀;�2�M�i�X

�h�Q ���B�/ �m�b �r�2 �r�B�H�H �2�K�T�H�Q�v �� �m�b�2�7�m�H �/�2�}�M�B�i�B�Q�M�X

�.�2�}�M�B�i�B�Q�M �j�X�j�X�R�R�X�G�2�iP = v1 : : : vn �#�2 �b�Q�K�2 �r���H�F �Q�7G1 � G2�X �q�2 �/�2�}�M�2 �i�?�2�t�@�b�+�Q� �̀2

�Q�7vi �-1 < i < n �- �i�Q �#�2d1(vi � 1; vi +1 ) � d1(vi ; vi +1 )�- ���M�/ �i�?�2�v�@�b�+�Q� �̀2�i�Q �#�2d2(vi � 1; vi +1 ) �

d2(vi ; vi +1 )�X

�L�Q�i�2 �i�?���i �i�?�2 �t�@�b�+�Q�`�2 �U�v�@�b�+�Q�`�2�V �`�2�+�2�B�p�2 �p���H�m�2�b �Q�M�H�v �B�M �@�R�- �y�- �Q�` �R�X �h�?�2 �t�@�b�+�Q�`�2 �U�v�@

�b�+�Q�`�2�V �Q�7 �� �p�2�`�i�2�tvi �Q�7 �i�?�2 �r���H�FP = v1 : : : vn �B�b �� �K�2���b�m�`�2 �Q�7 �?�Q�r �K�m�+�? �ó�+�H�Q�b�2�`�ôvi

�#�`�B�M�;�b �m�b �i�Qvi +1 �r�?�2�M �T�`�Q�D�2�+�i�2�/ �Q�M�i�QGi �- �`�2�H���i�B�p�2 �i�Qvi � 1�X �A�7 �B�i �B�b �T�Q�b�B�i�B�p�2�- �i�?�2�M �i�?�2

�T�`�Q�D�2�+�i�B�Q�M �Q�7vi �B�b �+�H�Q�b�2�` �i�Qvi +1 �i�?���M �r���b �i�?���i �Q�7vi � 1�X

�q�2 �b�i���`�i �r�B�i�? ���M �Q�#�b�2�`�p���i�B�Q�M�,

�G�2�K�K�� �j�X�j�X�R�k�X�G�2�iC �#�2 �� �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b �Q�7G1 � G2 �U�B�X�2�X�- �Q�7 �i�?�2 �J���`�F�Q�p

�+�?���B�MM 2(s; t) �7�Q�` �b�Q�K�2 �+�?�Q�B�+�2 �Q�7s ���M�/t�V�X �h�?�2�M �7�Q�` ���M�v �r���H�FP = v1 : : : vn 2 C�,

�R�X�A�7d1(v1; v3) = 2 ���M�/d2(v1; v3) � 1�- �i�?�2 �t�@�b�+�Q� �̀2 �Q�7 �2�p�2�`�vvi �U1 < i < n �V �B�b �R

�k�X�A�7d2(v1; v3) = 2 ���M�/d1(v1; v3) � 1�- �i�?�2 �v�@�b�+�Q� �̀2 �Q�7 �2�p�2�`�vvi �U1 < i < n �V �B�b �R

�j�X�A�7d2(v1; v3) = 2 ���M�/d1(v1; v3) = 2 �- �i�?�2�M �2�B�i�?�2�` ���H�Hvi �?���p�2 �T�Q�b�B�i�B�p�2 �t�@�b�+�Q� �̀2�- �Q�` ���H�H

vi �?���p�2 �T�Q�b�B�i�B�p�2 �v�@�b�+�Q� �̀2

�a�B�M�+�2P �B�b� �@�Q�T�i�B�K���H�- �Q�M�2 �Q�7 �U�R�V�- �U�k�V �Q�` �U�j�V �K�m�b�i �?�Q�H�/�X �1�b�b�2�M�i�B���H�H�v�- �G�2�K�K���j�X�j�X�R�k

�b���v�b �i�?���i �Q�M�2 �Q�7 �i�?�2 �T�`�Q�D�2�+�i�B�Q�M�b �Q�7 �� �T���i�?P 2 C �Q�M�i�Q �2�B�i�?�2�`G1 �Q�G̀2 �K�m�b�i �#�2� �@�Q�T�i�B�K���H

�U�B�MG1 �Q�G̀2 �`�2�b�T�2�+�i�B�p�2�H�v�V�- �b�B�M�+�2 �i�?�B�b �B�b �B�K�T�H�B�2�/ �#�v �2�B�i�?�2�` ���H�H �Q�7 �i�?�2 �t�@�b�+�Q�`�2�b �Q�` ���H�H �Q�7 �i�?�2

�v�@�b�+�Q�`�2�b �#�2�B�M�; �T�Q�b�B�i�B�p�2�X �h�?�2 �T�`�Q�Q�7 �B�/�2�� �B�b �i�Q �b�?�Q�r �i�?���i �r�?�2�M�2�p�2�` �i�?�B�b �B�b �M�Q�i �i�?�2 �+���b�2�-

P �+���M �#�2 �ó�b�i�`�2�i�+�?�2�/�ô ���H�Q�M�; �2�B�i�?�2�` �i�?�2G1 �Q�G̀2 ���t�2�b �U�p�B��� �@�/�2�7�Q�`�K���i�B�Q�M�V �i�Q �� �T���i�?

�i�?���i �B�b �M�Q�i� �@�Q�T�i�B�K���H�- �+�Q�M�i�`���/�B�+�i�B�M�; �i�?���iC �B�b �� �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b ���M�/ �?�2�M�+�2

�+�Q�M�i���B�M�b �Q�M�H�v� �@�Q�T�i�B�K���H �T���i�?�b�X

�j�R



�S� �̀Q�Q�7�6�Q�` �T�`�Q�Q�7 �Q�7 �U�R�V�- �b�m�T�T�Q�b�2 �i�?���id1(v1; v3) = 2 ���M�/d2(v1; v3) � 1�X �h�?�2 �T�`�Q�Q�7 �B�b

�#�v �+�Q�M�i�`���/�B�+�i�B�Q�M�, �G�2�ivk �#�2 �i�?�2 �}�`�b�i �p�2�`�i�2�t �r�B�i�? �M�Q�M�@�T�Q�b�B�i�B�p�2 �t�@�b�+�Q�`�2 �U�r�2 ���b�b�m�K�2 �7�Q�`

�+�Q�M�i�`���/�B�+�i�B�Q�M �i�?���i �B�i �2�t�B�b�i�b�V�- �K�2���M�B�M�; �i�?���id1(vk� 1; vk+1 ) � d1(vk ; vk+1 ) � 0�- �Q�` �U���H�i�2�`�@

�M���i�B�p�2�H�v �r�`�B�i�i�2�M�Vd1(vk� 1; vk+1 ) � d1(vk ; vk+1 )�X �_�2�+���H�H �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �k�@�Q�T�i�B�K���H�B�i�v�-

���M�/ �i�?���i �2�p�2�`�v �r���H�F �B�M �� �+�H�Q�b�2�/ �+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b �B�b �k�@�Q�T�i�B�K���H�X �L�Q�i�2 �i�?���iP �B�b �k�@

�Q�T�i�B�K���H�- �i�?�m�b�- �7�Q�` ���H�Hi �-d(vi ; vi +2 ) = 2 ���M�/d(vi ; vi +1 ) = 1 �X �A�M �T���`�i�B�+�m�H���` �r�2 �?���p�2 �i�?���i

d(vk ; vk+1 ) = 1 �- �r�?�B�+�? �B�K�T�H�B�2�b �i�?���id1(vk� 1; vk+1 ) � d1(vk ; vk+1 ) � 1�X �a�B�M�+�2d(u; v) �B�b

�i�?�2 �K���t�B�K�m�K �Q�7d1(u; v) ���M�/d2(u; v)�- ���M�/d(vk� 1; vk+1 ) = 2 �- �r�2 �K�m�b�i �i�?�2�M �?���p�2 �i�?���i

d2(vk� 1; vk+1 ) = 2 �X

�.�2�M�Q�i�2vi = ( x i ; yi )�X �l�b�B�M�; �B�M�/�2�T�2�M�/�2�M�i �/�2�7�Q�`�K���i�B�Q�M�b�- �r�2 �+���M �k�@�/�2�7�Q�`�K �i�?�2 �p�2�`�i�B�+�2�b

�Q�7P �i�Q �?���p�2 �K���t�B�K�B�x�2�/ �v�@�b�+�Q�`�2�b�- ���b �7�Q�H�H�Q�r�b�, �r�?�2�M�2�p�2�`d(yi ; yi +2 ) � 1�- �r�2 �k�@�/�2�7�Q�`�K

yi yi +1 yi +2 �i�Qyi y0yi +2 �b�m�+�? �i�?���id(y0; yi +2 ) = d(yi ; yi +2 ) � 1 �U�i�?�B�b �B�b ���H�r���v�b �T�Q�b�b�B�#�H�2

�b�B�M�+�2 �r�?�2�Myi ���M�/yi +2 ���`�2 �M�Q�i �i�?�2 �b���K�2 �p�2�`�i�2�t �i�?�2�`�2 �B�b ���H�r���v�b �� �p�2�`�i�2�t �+�Q�M�M�2�+�i�2�/ �i�Q

�#�Q�i�? �Q�7 �i�?�2�K �i�?���i �;�2�i�b �+�H�Q�b�2�` �i�Qyi +2 �V�X �q�2 �/�Q �i�?�B�b �r�B�i�?�Q�m�i ���z�2�+�i�B�M�; �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�7

P �Q�MG1 �U���M�/ �b�Q �i�?�2 �t�@�b�+�Q�`�2�b �`�2�K���B�M �m�M�+�?���M�;�2�/�V�- �+�`�2���i�B�M�; �� �r���H�FP0 = v1v0
2 : : : v0

n� 1vn �X

�a�B�M�+�2d2(v1; v3) � 1�- �r�2 �i�?�2�M �?���p�2 �i�?���id2(v0
i ; v0

i +2 ) � 1 �7�Q�` ���H�Hi �X

�_�2�+���H�H�B�M�; �i�?���ivk �?���b �M�Q�M�@�T�Q�b�B�i�B�p�2 �t�@�b�+�Q�`�2 �U�K�2���M�B�M�; �i�?���i �b�Q �/�Q�2�bv0
k �V�- �r�2 �?���p�2 �i�?���i

d1(v0
k� 1; v0

k+1 ) � 1 �#�m�i �M�Q�r ���H�b�Qd2(v0
k� 1; v0

k+1 ) � 1�- ���M�/ �b�Qd(v0
k� 1; v0

k+1 ) � 1�- �� �+�Q�M�i�`���@

�/�B�+�i�B�Q�M �i�Q �i�?�2 �k�@�Q�T�i�B�K���H�B�i�v �Q�7 ���H�H �r���H�F�b �B�MC ���M�/ �i�?�2 �+�H�Q�b�m�`�2 �Q�7C �m�M�/�2�` �k�@�/�2�7�Q�`�K���i�B�Q�M�b�X

�h�?�2 �T�`�Q�Q�7 �Q�7 �U�k�V �B�b �i�?�2 �b���K�2�X

�6�Q�` �T�`�Q�Q�7 �Q�7 �U�j�V�- ���;���B�M �#�v �+�Q�M�i�`���/�B�+�i�B�Q�M�- �H�2�ivk �#�2 �i�?�2 �}�`�b�i �p�2�`�i�2�t �i�?���i �/�Q�2�b�M�ö�i �?���p�2

�#�Q�i�? �t�@ ���M�/ �v�@�b�+�Q�`�2�b �T�Q�b�B�i�B�p�2�X �a�m�T�T�Q�b�2 �r�H�Q�; �i�?���i �i�?�2 �v�@�b�+�Q�`�2 �B�b �M�Q�M�@�T�Q�b�B�i�B�p�2�- �K�2���M�B�M�;

�r�2 �K�m�b�i �?���p�2d2(vk� 1; vk+1 ) � d2(vk ; vk+1 ) � 1�X �.�m�2 �i�Q �k�@�Q�T�i�B�K���H�B�i�v �r�2 �K�m�b�i �i�?�2�M

�?���p�2d1(vk� 1; vk+1 ) = 2 �- �b�Q �r�2 �+���M ���T�T�H�v �i�?�2 �b���K�2 ���`�;�m�K�2�M�i ���b �U�R�V �i�Q �i�?�2 �b�m�#�r���H�F

vk� 1 : : : vn �U�i�?���i �B�b�- �Q�m�` �M�2�r �öv1�ö ���M�/ �öv3�ö ���`�2vk� 1 ���M�/vk+1 �V�- �i�Q �;�2�i �i�?���i �i�?�2 �p�2�`�i�B�+�2�b

�T���b�ivk �?���p�2 �T�Q�b�B�i�B�p�2 �t�@�b�+�Q�`�2 ���b �r�2�H�H�X �

�q�2 �+���M �M�Q�r �K�Q�p�2 �Q�M �i�Q �i�?�2 �T�`�Q�Q�7 �Q�7�j�X�j�X�R�y�X

�S� �̀Q�Q�7�h�?�2 �+���b�2 �r�?�2�`�2G1 � G2 �B�b �+�Q�M�p�2�`�;�2�M�i �m�b�2�b �i�?�2 �b���K�2 �B�/�2�� ���b �T�`�Q�T�Q�b�B�i�B�Q�M�b�j�X�j�X�3

���M�/�j�X�j�X�N�X �G�2�iP = v1v2 : : : vn �#�2 �� �r���H�F �B�MG1 ���M�/ �+�`�2���i�2 �� �r���H�FP0 �Q�p�2�G̀1 � G2

�U���b �B�M�j�X�j�X�3�V �r�?�Q�b�2 �T�`�Q�D�2�+�i�B�Q�M �Q�M�i�QG1 �B�bP ���M�/ �r�?�Q�b�2 �v�@�+�Q�Q�`�/�B�M���i�2 �B�b �}�t�2�/�X �q�2 �K���v

�/�2�7�Q�`�KP0 �B�M�i�Q �� �b�?�Q�`�i�2�b�i �T���i�?�- �b�B�M�+�2G1 � G2 �B�b �+�Q�M�p�2�`�;�2�M�i�X ���M�v ���i�Q�K�B�+ �k�@�/�2�7�Q�`�K���i�B�Q�M

�Q�7P0 �i�?���i �+�?���M�;�2�b �B�i�b �T�`�Q�D�2�+�i�B�Q�M �Q�M�i�QG1 �+���M �#�2 �i�`���M�b�H���i�2�/ �B�M�i�Q �� �k�@�/�2�7�Q�`�K���i�B�Q�M �Q�7P

�#�v �H�Q�Q�F�B�M�; �Q�M�H�v ���i �i�?�2 �+�?���M�;�2�b �i�Q �i�?�2 �t�@�+�Q�Q�`�/�B�M���i�2�b�X �h�?�B�b �B�K�T�H�B�2�b �i�?���iP �B�b �/�2�7�Q�`�K���#�H�2

�i�Q �� �b�?�Q�`�i�2�b�i �T���i�? �B�MG1�X

�A�M �i�?�2 �Q�i�?�2�` �/�B�`�2�+�i�B�Q�M�- �b�m�T�T�Q�b�2G1 ���M�/G2 ���`�2 �+�Q�M�p�2�`�;�2�M�i�X �G�2�iC �#�2 �� �+�H�Q�b�2�/

�+�Q�K�K�m�M�B�+���i�B�M�; �+�H���b�b �Q�7G1 � G2 ���M�/ �H�2�iP = v1 : : : vn �#�2 �� �r���H�F �B�MC�X �q�2 �r�B�H�H �b�?�Q�rP

�B�b �� �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kv1 �i�Qvn �X

�.�2�M�Q�i�2vi = ( x i ; yi )�X ���b�b�m�K�2P �B�b �M�Q�i �Q�T�i�B�K���H�X �h�?�2�Mn � 1 > d (v1; vn ) �

max(d1(v1; vn ); d2(v1; vn )) �- ���M�/ �i�?�m�b �M�2�B�i�?�2�` �Q�7 �i�?�2 �r���H�F�bX = x1x2 : : : xn ���M�/Y =

y1y2 : : : yn �B�b �Q�T�i�B�K���H�X �a�B�M�+�2G1 ���M�/G2 ���`�2 �+�Q�M�p�2�`�;�2�M�i�- �r�2 �+���M �k�@�/�2�7�Q�`�K �i�?�2�b�2 �T���i�?�b

�j�k



�i�Q �Q�T�i�B�K���H�B�i�v�X �>�2�M�+�2�- �7�Q�` �#�Q�i�?X ���M�/Y �- �i�?�2�`�2 �B�b �� �b�2�[�m�2�M�+�2 �Q�7 ���i�Q�K�B�+ �k�@�/�2�7�Q�`�K���i�B�Q�M�b

�i�?���i �2�p�2�M�i�m���H�H�v �`�2�b�m�H�i�b �B�M �� �r���H�F �Q�7 �H�2�M�;�i�?n � 1 �U�B�X�2�X �� �H�2�M�;�i�? �Q�M�2 �H�2�b�b �i�?���M �i�?�2�B�` �+�m�`�`�2�M�i

�H�2�M�;�i�?�V�X �h�?�2 �T�2�M�m�H�i�B�K���i�2 �2�H�2�K�2�M�i �Q�7 �i�?�B�b �b�2�[�m�2�M�+�2 �r�B�H�H �#�2 �� �r���H�Fu1u2 : : : un �b�m�+�? �i�?���i

d(uk� 1; uk+1 ) � 1 �7�Q�` �b�Q�K�2k�- �B�X�2�X�- �� �r���H�F �i�?���i �B�b �M�Q�i �k�@�Q�T�i�B�K���H �U�b�B�M�+�2 �r�2 �+���M�M�Q�i �/�2�H�2�i�2

���M�v �p�2�`�i�B�+�2�b �7�`�Q�K �� �k�@�Q�T�i�B�K���H �r���H�F �p�B�� �� �b�B�M�;�H�2 ���i�Q�K�B�+ �k�@�/�2�7�Q�`�K���i�B�Q�M�V�X

�G�2�iX 0 = x0
1x0

2 : : : x0
n �#�2 �� �k�@�/�2�7�Q�`�K���i�B�Q�M �Q�7X �b�m�+�? �i�?���i �7�Q�` �b�Q�K�2k�-d(x0

k� 1; x0
k+1 ) �

1�X �h�?�2�`�2 �K�m�b�i �#�2 �b�m�+�? �� �k�@�/�2�7�Q�`�K���i�B�Q�M �B�M �H�B�;�?�i �Q�7 �i�?�2 ���#�Q�p�2�X �A�M �s�ö�- �k�@�/�2�7�Q�`�K �i�?�2

�b�m�#�@�r���H�Fx0
k� 1x0

kx0
k+1 �i�Qx0

k� 1x0
k� 1x0

k+1 �- �+���H�H�B�M�; �i�?�2 �M�2�r �r���H�FX � �X �L�Q�i�2 �i�?���iX � �?���b ��

�p�2�`�i�2�t �r�B�i�? �M�Q�M�@�T�Q�b�B�i�B�p�2 �U�x�2�`�Q�V �t�@�b�+�Q�`�2�X

�G�2�iY 0 �#�2 �� �k�@�/�2�7�Q�`�K���i�B�Q�M �Q�7Y �b�m�+�? �i�?���i �7�Q�` �b�Q�K�2j �-d(y0
j � 1; y0

j +1 ) � 1�X �q�2 ���;���B�M

�k�@�/�2�7�Q�`�K �i�?�2 �b�m�#�@�r���H�Fy0
j � 1y0

j y0
j +1 �i�Qy0

j � 1y0
j � 1y0

j +1 �- �`�2�b�m�H�i�B�M�; �B�M �� �r���H�FY � �i�?���i �?���b ��

�p�2�`�i�2�t �r�B�i�? �M�Q�M�@�T�Q�b�B�i�B�p�2 �U�x�2�`�Q�V �v�@�b�+�Q�`�2�X

�q�2 �B�M�/�2�T�2�M�/�2�M�i�H�v �/�2�7�Q�`�K �i�?�2 �t�@ ���M�/ �v�@ �+�Q�K�T�Q�M�2�M�i�b �Q�7P �B�M�i�QX � ���M�/Y � �`�2�b�T�2�+�@
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